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Abstract. For p � 3 and for p � 5, we show that any p-coloured
knot K is equivalent to a left-hand pp, 2q-torus knot modulo �1
surgery along unknots in the kernel of the p-colouring (see [4]).
This gives a surgery presentation for such knots in the complement
of pp, 2q-torus knots (which is unique modulo a slightly extended
set of Kirby moves) and shows, roughly speaking, that the space of
p-coloured knots for p P t3, 5u is ‘connected’ modulo surgery which
preserves the colouring. Several applications are discussed.

1. Introduction

The easiest and most natural way to calculate many invariants of a
knot K is via invariants of its infinite cyclic covering space C8pKq. In
Rolfsen’s classical textbook on knot theory, for instance, this is the ap-
proach used to define and calculate Alexander modules and Alexander
polynomials [8], and it is a basic idea in the theory of knot concor-
dance. More recently, Garoufalidis and Kricker have defined and cal-
culated the rational Kontsevich integral [2, 3] via the LMO invariant
of a cyclic covering of a knot.

The unifying theme is that when we are given a knot invariant whose
behaviour under surgery is known, we first untie the knot via surgery,
replacing the original knot with a link L (called the untying link for
K) in the complement of an unknot (a solid torus). We then lift that
link to the infinite cyclic cover of the unknot (again a torus), calculate
a 3-manifold invariant for the torus, and then perform surgery on the
lift of the link to get that to get that 3-manifold invariant for the cyclic
cover of K. The procedure is summarized in the following commutative
diagram:
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�����ÑsurgpL̃q ����Ñ π2�������ÑsurgpLqC8pKq T̃ Q L̃

K PS3 T Q L

Here π1, π2 are covering maps, and surgp�q is the map which per-
forms surgery by its argument.

There is nothing that restricts the procedure outlined above to cyclic
covering spaces. Since it depends only on surgery, one should be able
to carry it out for any branched cover of K. We discuss here the
first step, the ‘untying’ of a knot by surgery, in the context needed
to develop such a theory associated with irregular branched dihedral
covers associated to the groups D6 and D10. For proofs and for further
details see [4].

When we make the transition from the cyclic (abelian) context to the
dihedral (non-abelian) context, the first difference we must note is that
while all knots have infinite cyclic covers (because Z is the maximal
abelian subgroup of the knot group π1pS3 � Kq of any knot K) not
all knots have irregular branched dihedral covers associated to a given
dihedral group D2p (p any odd integer), and such a covering space may
not be unique. This implies that the choice of such a covering space
must be part of the initial data— we must consider pairs pK, ρq where
ρ : π1pS3 � Kq ։ D2p is an epimorphism from the knot group to the
dihedral group of order 2p. Such a pair is called a p-coloured knot.

A knot K is said to be p-colourable if its knot group surjects onto
D2p :� tt, s|t2 � sp � 1, tst � sp�1u. As Fox observed [1], this is
equivalent to the existence of a colouring of arcs of a knot-projection
of K by elents of Zp the cyclic group of order p such that:

(1) At least two elements of Zp (colours) are used.
(2) At each crossing half the sum of the labels of the under-crossing

arcs equals the label of the over-crossing arc modulo p.

Two examples of p-coloured knots are given in Figures 1 and 2.
By labeling an arc by an element n P Zp, we are indicating that

ρ maps its meridian to the element tsn P D2p. These definitions and
concepts may all be extended to links and to tangles.

We are interested in ‘untying’ p-coloured knots by surgery. By this,
we mean modifying the knot K while ‘preserving’ the p-colouring ρ

until we get the simplest p-coloured knot, a (left-hand) pp, 2q-torus
knot. It is not at all clear that this can be carried out for a general
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Figure 1. The 3-
coloured 74-knot
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Figure 2. The 5-
coloured 74-knot

p (our guess is that it probably cannot). For a prime p we offer the
following conjecture:

Conjecture 1. Any p-coloured knot pK, ρq can be reduced to a left-

hand pp, 2q-torus knot by a series of �1-framed surgeries along loops in

the kernel of the p-colouring ρ : π1pS3 �Kq ÝÑ D2p.

We denote equivalence under such surgeries by elements of kerpρq by

the symbol
ker ρ� .

In the following section, we sketch the proof of this conjecture for
the special cases p � 3, 5 following [4]. In the final section we give some
applications of this result.

It is interesting to consider also the case of groups which are not di-
hedral, corresponding to covering spaces which are neither dihedral nor
cyclic. In particular, such a result for the remaining finite subgroups
of SOp3q would be of interest.

2. Proof

2.1. Unlinking Bands. Any knot has a Seifert surface, and any Seifert
surface has a disc-band presentation as in Figure 2.1. For a p-coloured
knot K, where p is any prime integer, the bands may be unlinked from
one another via �1-framed surgery in kerpρq, implying the following
proposition:

Proposition 1. For any p-coloured knot pK, ρq of genus n there exist

p-coloured knots tpK1, ρ1q, . . . , pKn, ρnqu such that

(1) pKi, ρiq are genus one knots with a single negative half-twist

between their bands.

(2)

K
ker ρ� K1#K2# . . .#Kn
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Figure 3. A band projection. Each band may twist
and link with any other band.

The key idea in the proof is to define an index of a band A to be
the absolute value modulo p of the difference between the labels of the
arcs in a knot projection of K which bound A. This is independent
of twisting inside the band itself, and of linking between the band and
other bands.

Two bands of equal index may be unlinked from one another by
surgery along a�1-framed unknot which loops once around both bands.
If the indexes are different, but are both greater than zero, then one
may have to perform a sequence of surgeries along more complicated-
looking components to unlink the bands once, but such a surgery se-
quence always exists by number theoretical considerations stemming
from the fact that p is prime.

It remains to consider the case where two bands are linked, where one
is of index zero and the other has a strictly positive index. Here, we use
the considerable freedom we have in choosing a disc-band presentation
for a Seifert surface (which is equivalent to cut-system for the surface),
and we select a new such presentation such that both of the bands
are of positive index, or else the genus of the knot may be reduced by�1-framed surgeries by components in kerpρq. For details see [4].

2.2. Reducing Twists. In the previous section, we purposefully ig-
nored twists inside the bands themselves. We now return to consider
those twists, and show that their number may be reduced by �1-framed
surgery in kerpρq.

For this we require some basic moves:

RR Move a a

�
�

�
�

�
�

ker ρ� a a
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R2G Move

a b b

ker ρ�
Proof. Note that since an element tsi is its own inverse, we may ignore
the orientation of the strands. Changing the orientation of the surgery
component reverses linkage. RR is the result of 1-framed surgery on a
component which loops around both strands. R2G is the result of 1-
framed surgery on a component which is the connect sum of a 0-framed
and a 1-framed components in ker ρ. One is a component which loops
twice around the strand labeled a, and the other is the component
which loops once around the two stands labeled b. We follow by various
RR moves. Graphically:

a bb

surgery� a bb

� 2�RR� a b b

�

Going a step further, for p � 3 we find that adding 3 twists in a band
is equivalent modulo surgery in ker ρ to taking a connect sum with a
left-hand trefoil.
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In the five-coloured case, via a more involved proof, one may show

that any 5-coloured knot K satisfies K
ker ρ� K#51. One next shows

that 5-full twists may be added (or subtracted) to any band in a disc-
band presentation of K, modulo connect-summing with the 51-knot.
In other words, modulo such a connect sum, the 10-move is realizable
by �1-framed surgeries along unknots in kerpρq. We recall that the
10-move is defined as follows:

0 1 ÝÑ
10-move

10

2.3. The Remaining Cases. By the previous two subsections, for

p P t3, 5u, any p-coloured knot K satisfies K
ker ρ� #Ki for some finite

set Ki of p-coloured genus 1 knots with a single half-twist between
their bands and with less than p twists in each band. There are a small

number of such knots- to prove now that K
ker ρ� 31 for any 3-coloured

knot K, we need only show that The trefoil, the 74 knot, the 61-knot,
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and the connect-sum of two trefoils 31#31 are all equivalent to each
other and to their mirror images modulo �1-framed surgery in kerpρq.
This is explicitly carried out as follows:
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Since 74
ker ρ� 61, we have two ways of adding and subtracting 3 full

twists from this knot, one explicitly by the RR move, and one by the
operation outlined in the previous section which adds a left-hand trefoil
as a direct summand (or we can add 3 full twists and add a right-hand
trefoil as a direct summand). This allows us to reduce any connect-sum
of trefoils to a single trefoil by �1-framed surgery in kerpρq. One may
similarly show that a left-handed trefoil and a right-handed trefoil are
equivalent modulo �1-framed surgery along unknots in kerpρq— see
[4].

For p � 5, explicitly proving equivalence of the remaining knots
(‘Sp3, 3q’, the 74 knot, the 92-knot, the figure-eight knot, the cinquefoil
51, the connect-sum of two cinquefoils 51#51, and their mirror images)
is just as simple, but more involved— we refer the reader again to [4].

3. Applications

3.1. A Surgery Presentation for Irregular Branched Dihedral

Coverings of Knots. Our main result tells us that for p P t3, 5u any
p-coloured knot K may be represented as a link L in complement of a
p-coloured left-hand pp, 2q-torus knot tpp, 2q whose components are �1-
framed, homotopic to unknots, and are in the kernel of the p-colouring
of the torus knot. Graphically, K is equivalent to:
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where the strands in the diagram above linking L to tpp, 2q are taken
to denote (possibly) multiple strands. Since the components of L are
in the kernel of the colouring, a surgery presentation for the irregular
p-fold branched dihedral cover of S3 branched over K is given by� � �L L L

L L

The proof for this statement is not difficult— the p-fold irregular
branched dihedral cover of tpp, 2q is S3, which we may divide into two
balls, once containing the lift of a small ball in the knot complement
of tpp, 2q containing L. For the remaining ball the surgery presentation
of the lift is trivial (the lift is just S3), while for the ball in question
lifting locally gives the presentation above. More details may be found
in [6].

This result generalizes Yamada’s algorithm ([10]) which concerns
only the case p � 3, and does not require use of the 3-move in the
3-colour case.

3.2. Surgery Presentation of D2p-Periodic Maps on Compact

3-Manifolds. For a 3-manifold M obtained as a branched cover of S3

branched over a knot K, it is natural to ask which geometric property of
M are inherited from K and how. In this section we consider invariance
under the standard action of a finite subgroup of SOp3q.

For a prime p, Przytycki and Sokolov [7] proved that for a closed ori-
entable 3-manifold M which admits an orientation-preserving periodic
diffeomorphism f of period p, M is obtained by integral surgery on a
link L in S3 which is invariant under a standard 2π

p
rotation ϕp around

a trivial knot, and f is conjugate to the periodic diffeomorphism of M

induced by ϕp. This result was later generalized by Sakuma [9], who
replaced p with any (not necessarily prime) positive integer n.

As Makoto Sakuma pointed out to the author, by substituting our
main theorem in this note for this fact, we may generalize the above
result to the case in which the cyclic group is replaced by the dihedral
group D2p with p P t3, 5u and in which M is a regular dihedral p-fold
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covering space. The author’s notes on the subject may be found in
[5]. It seems an interesting problem to generalize this result to a wider
class of 3-manifolds.

3.3. A Kontsevich Integral for p-Coloured Knots. Following the
path laid out in the introduction, now that we have the ‘uncoloured
knotting’ result under our belts we may proceed to develop ‘knot the-
ory’ for p-coloured knots (see [6]). The relevant commutative diagram
is: ���Ñπ1

��������ÑsurgpL̃q ����Ñ π2�����ÑsurgpLqMK S3 Q L̃pK, ρq PS3 S3 � tpp, 2qQ pL, ρ1q
where MK denotes the irregular branched dihedral covering of K

and the rest of the notation is as before. L is unique modulo a slightly
extended set of Kirby moves (see [6]).

Following the scheme of Garoufalidis and Kricker, the idea is to take
a modified Kontsevich integral of L which lifts to L̃, and to make it
invariant under (an extended set of) Kirby moves by Åarhus integra-
tion. We may then extract a dihedral Alexander polynomial and other
non-commutative (dihedral) analogues of classical knot invariants by
looking at the loop expansion of the invariant which we end up with.

References

1. Ralph H. Fox, A Quick Trip Through Knot Theory, Topology of 3-Manifolds
and Related Topics (Georgia 1961), M.K. Fort (editor), Prentice-Hall, 1962.

2. Stavros Garoufalidis and Andrew Kricker, A Rational Non-Commutative

Invariant of Boundary Links, Geometry and Topology, 8 2004, 115–204,
arXiv:math.GT/0105028.

3. Andrew Kricker, The Lines of the Kontsevich Integral and Rozansky’s Ratio-

nality Conjecture, arXiv:math.GT/0005284.
4. Daniel Moskovich, Coloured Untying of Knots, arXiv:math.GT/0506541 Sub-

mitted.
5. Daniel Moskovich Surgery Description of Orientation-Preserving D2p-Actions

on Compact Orientable 3-Manifolds, arXiv:math.GT/0508141
6. Daniel Moskovich A Kontsevich Integral for Coloured Knots In preparation.
7. J. Przytycki and M. Sokolov, Surgeries on Periodic Links and Homology of

Periodic 3-Manifolds, Math. Proc. Cambridge Phil. Soc. 131 (2), September
2001, 295-307

8. Dale Rolfsen, Knots and Links, Publish or Perish, Inc., Berkeley, 1990.
9. M. Sakuma, Surgery Description of Orientation-Preserving Periodic Maps on

Compact Orientable 3-Manifolds Rend. Istit. Mat. Univ. Trieste Suppl. 1 Vol.
XXXII (2001) 375-396



10 DANIEL MOSKOVICH

10. T. Yamada, Translation Algorithms Between the Covering Presentation and

other Presentations of 3-Manifolds, Masters Thesis, Tokyo Institute of Tech-
nology, 2002.

Research Institute for Mathematical Sciences, Kyoto University,

Kyoto, 606-8502 JAPAN

E-mail address : dmoskovich@gmail.com
URL: http://www.sumamathematica.com/


